arXiv:1506.02538v3 [math.NT] 7 Jun 2016 


IWASAWA Main Conjecture eor Heegner Points: 

Supersingular Case 

Francesc Castella and Xin Wan 


Abstract 

In this paper we propose and prove an anticyclotomic Iwasawa main conjecture for Heegner 
points on supersingular elliptic curves such that Up = 0. The result has a “±” nature in the 
sense of Kobayashi. The proof uses a recent work of the second author on one divisibility of 
Iwasawa-Greenberg main conjecture for Rankin-Selberg p-adic L-functions, and an argument 
of Howard (adapted to our “±”-situation). As a byproduct we also prove an improvement of 
C.Skinner’s result on a converse of Gross-Zagier-Kolyvagin theorem. 


1 Introduction 

1.1 Assumptions 

Let p be an odd prime and E an elliptic curve over Q having square-free conductor N and su¬ 
persingular reduction at p. By work of Wiles |24) there is a cuspidal newform / = dnG 

associated to E. Let A := E\p°°] and T being its Tate module. Let V = T Qp. Assume 
Up = 0. Let fC he a quadratic imaginary field with absolute Galois group G/c, such that p is split 
and Im(Gjy) = Aut(T) ~ GL 2 (Zp) (regarding T as a Galois representation over G/c)- We write e 
for the global root number of E over Q. As in |2n) we make either of the following assumptions 

(1) there is at least one prime q\N non-split in JC and that the global root number of E over 1C is 
- 1 ; 

(2) for each q\N either q is split in fC, or q is ramified and E has non-split multiplicative reduction 
at q, and suppose we have at least one such ramified prime. This implies that the root number 
of E over /C is —1. 

We define /Coo as the unique Z^-extension of 1C unramified outside p and let Ty^; be the Galois group. 
Let T^ be the subgroup such that complex conjugation acts by ±1 and 7 ^ be their topological 
generators. Let /C^ be the fixed fields for T^. Let Ayy = Zp[[ryc;]] and A = Zp[[r“]]. We define a 
Zp-automorphism t of A by sending 7 “ to A. Let T be the character Ty^ ^ A^ or T A^ and 
e being T o rec for rec being the reciprocity map in class field theory (normalized by the geometric 
Frobenius). Let T be T A(T) and A being T ( 8 > A(—T) A* with A* the Pontryagin dual of 
T. We fix an tp : C ~ Cp and let p = vv m. 1C with v being the place determined by Lp. 

1.2 Selmer Groups 

Selmer Gonditions : 

We define some Selmer conditions (T'”*', £qj. Galois cohomology of 1C or finite 
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extensions of it inside /Coo of V (in the following we write for /C for example). We are going to define 
p-adic “+” local conditions E~^(L) for p-adic fields L in the text. Let: 
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We define the local Selmer conditions at primes not dividing p for the Galois cohomology groups for 
T or A to be the inverse image or inverse image of the corresponding Selmer conditions for V. At 
w\p we define the local Selmer condition at w for A to be E~^{ICw) 'S^Zp Qpl'^p and define T) 

to be the orthogonal of E~^{}Cw) <8>Zp Qp under local Tate pairing. We also define the local Selmer 
conditions for T and A at primes above p by regarding them as projective or injective limits and 
taking the images in the limits. We define the corresponding Selmer groups —) to be the 

inverse image in —) of under the localization map and 


A+ :=iL>+(/C,A)T 


We sometimes write for We also define Selmer groups for other Selmer conditions in a 

similar way. We often write * for the orthogonal complement under local Tate pairing (for example 
for we write for its orthogonal complement). Finally we write rel for the “relaxed Selmer 
condition” which is the same as outside p and puts no restriction at primes dividing p. We 
sometimes omit the subscript rel when writing the corresponding Selmer groups. 


1.3 Main Result 

In this paper we only prove the “+” main conjectures for simplicity. The ” one can be proved in 
completely same way. We are going to construct a family of Heegner points nf € R^+(/C, T) in the 
next section. Our main theorem is 

Theorem 1.1. There is a quasi-isomorphism r\j A © X+j., where is the torsion part of 
X^. Moreover 
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(1) Under assumption (2) then for any height one prime P of K, 

Here Igp(M) means the length of Mp as a Ap module. 

(2) Under assumption (1) the above is true for all height one primes P ^ (p). 

Our theorem is proved by studying the relations between two different kinds of Selmer groups via 
Heegner points and their explicit reciprocity laws. These results were previously obtained in jS] and 
|20) for ordinary elliptic curves. In the supersingular case the arguments are more complicated since 
the local theory are of a quite different nature (actually a ±-theory as in [l2])- Such idea is also used 
by the second author to prove the cyclotomic main conjecture of Kobayashi in the supersingular 
case via explicit reciprocity law for Beilinson-Flach elements. We also remark that all these ±-main 
conjectures are quite difficult to attack directly (especially the lower bounds for Selmer groups. See 
|2.1) for details). While the paper is being written, we learned that Longo and Vigni |14) worked 
on similar directions and they proved the ± dual Selmer module is rank one over A. The method 
they employed is different from ours, and we do not assume fC'f^flC is totally ramified at p as in loc.cit. 

We also prove a stronger form of the converse of theorem of Gross-Zagier and Kolyvagin by Skinner 
|18) as a corollary. It follows from Theorem 11.11 in the same way as [20l Theorem 1.7]. 

Corollary 1.2. Let E/Q be an elliptic curve with square-free conductor N and supersingular re¬ 
duction at p with Op = 0. Let JC be an imaginary quadratic field such that p is split and such 
that Im(Gx:) = Aut(T) ~ GL 2 (Zp). Suppose moreover assumption (1) is true. If the Selmer group 
Hjr{}C, E[p°°]) has corank one, then the Heegner point ki is not torsion and thus the vanishing order 
o/Lyc(/, 1) is exactly one. 

This paper is organized as follows. In section 2 we introduce our ±-local theory and construct the 
±- Heegner point Kolyvagin system in the sense of | 8 ] to give the upper bound for Selmer groups. 
In section 3 we first prove an explicit reciprocity law for Heenger points as is done in |T] by the first 
author in the ordinary case. Then we use it to deduce the lower bound for Selmer groups from a 
two-variable Iwasawa-Greenberg main conjecture proved by the second author. 

2 Upper Bound for Selmer Groups 

2.1 Some Local Theory 

We develop some local theory for studying the anticyclotomic Iwasawa theory in the supersingular 
case. These theories generalize the local theory in |5] (so in fact there is no need to assume the class 
number of K. to be prime to p in loc.cit at least when p is split in /C). 

Define uj+{X) := ^ n 2 <m<n, 2 |m and ^-(X) := ni<m<n, 2 tm ^m(^) (our definition is 

slightly different from [l2]). It is easily seen that the prime v\p is finitely decomposed as ui • • • Vpt in 
1C~ (and thus is also decomposed into p* distinct primes in /Coo)- Let Ti (Tj") be the decomposition 
group of vi (and also other Vi’s) in T^ (or T"). Let Hx. be the Hilbert class field of /C and 
/Co := /Ccx) n Hx and let /C“ be the subfield of /Coo such that [/C~ : /Cq] = p^. Let a be the inertial 
degree of ICojfC at any v\p. Let be the unramified Zp-extension of Qp and Qp^oo being the 



3 



cyclotomic Zp-extension of Qp. Let Qp'^ao their composition. For v\p we identify ICy ~ Qp. Let 
Uy and 7 ^ be topological generators oi Uy := Gal(Qp^(^/Qp^oo) and F.,, = Gal(Qp’’oo/Qp’'). In fact 
we choose Uy to be the arithmetic Frobenius. Suppose Uy and 'jy are chosen such that —p^Uy + 7 ^ 
is a topological generator for Gal{ICoo^y/}C^ y). Let Xy = 7 ^, — 1 and Yy = Uy — 1. We sometimes 
omit the subscript v and write them X^ Y^ 7 ? ^ later on. Let F = 7 — 1 ^ [[r-]]^Zp[[r]]. 

For any unramified extension k of Qp we define 

F;+[/c(/rpn+i)] = {x G £’(/i;(^p„+i))|trfc(p^^^^)/fc(p^^^ 2 )(®) ^ E{k{ppi+i)),Q < i < n,2\e}. 

Let E be the formal group for E. We also define the +-norm subgroup 

Note that since p \ (jF[Fpm], 

£'~*~[A;(/ipn+i)] (8> Qp/Zp = (8) ^p/ljp. 

As in |23) . for z G we define a point Cn^z G such that 

00 

log^lCn,.) = -p*] +log^,-.(^^'’^ • (Cp^ - 1)) 

i=l 


where p is the Frobenius on k and fz{x) := (x + zY — z^, the 


log^(A) = £(-l)' 


jGn){X) 


n=0 


p" 


for ^ ^ o - • • f{X). Let kn/k be the Zp/p^’Zp sub-extension of k{ppn+i) and trifc^n be 

the maximal ideal of its valuation ring. We also use the same notation Cn,z for ^^k{(pn)/kn-i^n,z S 
as well. Let k = A:™' be unramified Z/p™'Z-extension of Qp. We sometimes write km,n for the 
above defined kn with this k = k"^. Let = ^p[[Gal(A:„^m/Qp)]]. We have the following lemma. 

Lemma 2.1. The 'Lp-module E{kn^m) is torsion free. Moreover E{kn,rn)/p^'E(Yn,rn) is its orthog¬ 
onal complement under local Tate pairing 

H\kn,m.E\p'-']) X H\kn,m,E\p^'])^'Lp/p^'’Lp. 


Proof. It follows easily from the fact that E\p] is an irreducible Gcg^-module. □ 

Ghoose d := {dm}m £ ^m ^^^ where the transition is given by the trace map such that d 
generates this inverse limit over Zp[[[/^]] (such d exists by the normal basis theorem). If dm = 
'^jO.mjCj where Q are roots of unity and Omj G Zp. Define Cn,m = Define A+„j := 

Zp[[ri]]/(a;+(Ai), (1 + y)™' — 1). The following is |23l Lemma 2.3]. 

Lemma 2.2. For even n’s we have 


/^m,n 

—2 2,T7T. 

and that Cn,m generates E~^[m.k^^] ~ A^^ as a Xf p^^-module. 
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Define Tn,m to be ri/( 7 "' — l,u^ “ !)• Let kn,m be the subfield of Qp^’’oo fixed by We 

define E~^{kn^m) as the image of E~^[k{iXpn+i)] under the trace map trfc(^ n+i)/fcnm- 

Definition 2.3. Define H^{kn,m,T) as the orthogonal complement of E^{kn^m) ® Q.p/'^p under 
Tate local pairing. Define H^{lCv,T (8) Zp[[rj"]]('I')) to be the image of H]^{K,y.,T 0 Zp[[ri]]('I')) in 
ifi(/C^,r®Zp[[rf]](^')) using Di = x r+. 

As in [23] we may choose bn,m & H^{JCy,TiSiAn^mi'^)) such that lim ^ ^ bn,m generates T® 

n + 2 

Zp[[ri]](^)) as a free rank one module over Zp[[ri]] and (—1)^“ uj~{X)bn, 7 n = Cn^m- We know 
^ 7 n,v ^ ^m,m+a* We take 

. /X— ^m.m+a* 

^m,m+a/'^m,v ’ 

Then am are norm compatible and 1™^ Om generates H^(Ey,TiSi'Tip[[Tf]]) as a free Zp[[r^]]-module. 
We have also seen in |23) that H^{Qp,T (8) Zp[[ri]])///:]_(Qp,T (8)Zp[[ri]]) is free Zp[[ri]]-module of 
rank one. Thus it is easy to see that ff^(Qp,T (8>Zp[[rj“]])///^(Qp,T (8> Zp[[rj“]]) is also free of rank 
one over Zp[[r]"]]. 

We now define a local big logarithm map LOG"*" on H^{Ey,T (S> Zp[[rj"]]). 

Definition 2.4. Ifx = ^m ^^ Xn G H\{Ky ,T(^'Lp[\rf]]) such thatxn = fu'^n for fn G Zp[[r||"/p"'+“r^]] 
then it is easily seen that l^m^^ /„ defines an element / G A which we define to be LOG'’'(x). Take 

7i(= id),72,''' ,7pi be elements in T^ such that 'jiVi = vi. Then Zp[[r“]] = ©f=i7iZp[[r^]]. ITe 
also define LOG^ on H]_{]Cy,T (8i A('I')) = S)iH]_{}Cy,T (8) Zp[[rj"]](T)) -74 by: ifx = then 

LOG+x = ^7i • (LOG+Xi) G A. 

i 

This does not depend on the choices of 7j ’s. 

We define 


E+{}Cm,v) = {x G E{}Cm,v)\tr!c^^^/ic^^^,^ix) G E{]Ce,y),0 <l< m, 2 \i}. 


Now let us give a description of this module. We have 


E~^ {km,m+a) © F^pl'^p — ^tn,m+a ® Qp/^p 

using the fact that Cm,m+a generates the norm subgroup over Under this identification we 

have E+{}Cm,v) = ^m,m+a['y'v] Iv = -p^Uy + '^y. Let Z ■.= {I + X)(l + y)p“ - 1. Moreover 


we 


have 


^p[[X,Y]] 


. (i+z)P -1 


©+(X),(l+X)(l+y)-P“-l) ^ ((i+z)P"‘-l,a;+(X),(l+X)(l+y)-P“-(l+Z)) ’ 

where the latter term represents E~^{K,m,v)- 


-^ )Z[[X,Y,Z]] 


MIx,y]] _ 

((..;+(X),(l+X)(l+y)-P“-l) 


Zp[T]] 


:= A+. 


(a;+((l+y)P“-l)) ■ 


This gives the E~^{JCm,v) a Am-module structure (isomorphic to A+ defined above) under the natural 
projection Ga^Qp’J^/Qp^oo) ~ T”. Then one can easily checks that 

E+iJCm,v) © Qp/Zp = {E+{km,m+a) <S> Qp/Zp) H H\lCm,v, E\p°°]) 


and so we have 
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Lemma 2.5. The E~^{}Cm,v) <8> Qp/^p is the orthogonal complement of H]^_{ICm,v,T). 

In the following we will often identify Uy = 1 + Y with its image in F”. We may choose 7 “ 
properly such that under the projection to Gal(Qp’'gQ/Qp^oo) — we have (1 + y) = (1 + T)P . 

Remark 2.6. The local theory developed in [5] is a special case of our theory when a = 0 and t = 0. 

Take a Qp-point (f of SpecZp[[r^ x U^]\ which corresponds to a finite order character of 
r.y X Uy mapping 7 .^ and u.^ to primitive and p^-th roots of unities, with n being positive and 
even. Suppose x = ^m ^^ Xn.m and LOG^(x) = / = Then the following formulas are 

in |23l Proposition 2.10] and will be useful. 


E 

TGr^/p"r„xc/„ /p"* Uv 

E 


lo" r f'l - ^ 


logE(Cn,m)’'X<^(T) = S(X?i|r) ' 


E 


x<^(^i)C- 


Ter„/p"r„xc/„/p"*c/„ 


ueUm 


( 1 ) 

( 2 ) 


For S a finite set of primes not dividing p in /C we also write S for the product of the primes in S. 
For each integer m we denote }Cm[S] for the composition field of JCm and the ring class field /C[5'] 
of conductor S. 


Lemma 2 . 7 . The module Ms := H^{ 1 C[S],T (g) A(T)) is free over A. 
Proof. We first show that Ms is A torsion-free and 


Ms/XMs Ms/XMs 

are injective. The first follows easily from that E\p]\g^ is irreducible. We also get Ms/XMs ^ 
H^{X[S],T). So it suffices to prove that 

H^{X[S],T) H\X[S],T) 

is injective. Again this follows from that E\p]\Gf^ is irreducible. From the first claim above and the 
structure theorem of A-modules we know that Ms is injected to a free finitely generated A-module 
N with finite cardinality. On the other hand Torj\^(A^, A/XA) is a non-zero Zp-torsion module which 
is injected into Ms/XMs, which contradicts the second claim above. We thus get A^ = 0 and Ms 
is free over A. □ 


Poitou-Tate exact sequences 

We record here the Poitou-Tate exact sequence which will be used later on. Let T" C ^ be two 
Selmer conditions then we have the following 

Proposition 2 . 8 . We have the following long exact sequence: 

0 ^ f3.(/C,T) ^/7^(/C,T) ^^ A)* ^A)* ^ 0. 

Proof. It follows from |17| Theorem 1.7.3] in a similar way as corollary 1.7.5 in loc.cit. □ 
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2.2 Heegner Points 

2 . 2.1 Heegner Points Constrnction 

Let B{E) be the set of odd rational primes q not dividing cond(£') and inert in K, and snch that 
n{q) = expp ((7 + 1, Uq) > 0. An important fact to keep in mind is that q splits completely in IC'^/JC. 
Let be the set of the prodncts of r distinct members of B{E) and A^ be the set of prodncts of 
r distinct primes in B{E) snch that n[q) > n. Snppose T is a Galois representation of Gq with 
coefficient ring R a complete local ring (in practice a discrete valnation ring or an Iwasawa algebra). 
For any prime q G B{E) which generates a prime n of /C snch that R (the inertial gronp at v) acts 
trivially on T, let Ig be the ideal of R generated by q + 1 and the Frobenins trace for Gx.^ acting 
on T. Define 

H)(/C„,T/Ig) := \iev{H\lC,,T/lq) ^ H}{R,T/lq)]. 

We have natnral isomorphism of i?/Ig-modules, 

H)(;C„,T/lg)~T/lg. 

Define Hi(;C„,T/Ig) = Then 

iLi(/C,,T/lg)~T/lg 

as i?//g-modnles. These can be seen, for example by |16[ Lemma 1.2.1], There is also a “finite- 
singular isomorphism” : Hj(/C,T/Ig) —>• iL^(/C, T/Ig). If T has coefficient in a discrete valuation 

ring with uniformizer w and € Ig. Then we can also define Lf^(/C, T/tu^T) and (/C, T/zu^T) 
similarly. In |13[ Page 8, 9] Kolyvagin also defined a direct summand of H^(/C, T/ro^'T) which maps 
isomorphically to /w'^T), which we still denote as 

One can make the following constructions as in [SI Sections 1.7, 2.3] and |6]. For each S a square-free 
product of distinct primes in B{E) and some m > 0, one can construct a class 

Pm[S] £ H\}Cm[S],T) 

using the Kummer map of certain Heegner points. These satisfies the norm relation 

= Pm[S] 

as in |5l Lemma 4.2]. We also claim that the Pm [S'] ’s lie in the image of the nature map (A'[S'], T® 
A('I')) —>■ H^{Km[S]-,T) (i.e. they come from universal norms). This can be seen easily as follows: 
from the obvious long exact sequence we see the cokernel of this image is G) A('I'))[a;m]- 

This last expression stablizes as m approaches infinity, since (S> A('I')) is a finitely gen¬ 

erated A module and we have a structure theorem. On the other hand we have ojmi/^m 2 ^ra-i_[n] = 
Pm 2 [^] foi' > ^ 2 - So taking m 2 to approach infinity, it is easy to see that any Pm[S] must have 
zero image in the cokernel mentioned above. 

Remark 2.9. The Heegner points are constructed from Shimura curves associated to certain quater¬ 
nion algberas (possibly GL 2 ). Such quaternion algebra is ramified exactly at the primes where the 
local sign of E over /C is — 1. (In literature sometimes people use the local signs of Rankin-Selberg 
products which differs from our convention by a factor Xa;/q being the quadratic char¬ 

acter corresponding to /C/Q.) Therefore this quaternion algebra is GL 2 under our assumption (2) 
might be general under assumption (1). 
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Now we construct the +-Heegner point classes. By the freeness result Lemma [2.71 and the above 
claim, there is an unique P+[S] G ((1 + - l)^m = 

(—1)^“ Pm[S] and they form a norm-compatible system. We define L’'*'[*S'] := ]^^Pj^[S] as an 
element of P[^{IC[S],T 0 A('I')). (Note that {a;+((l + Y)p°‘ — 1)}„ forms a basis for the topology of 
A. So this indeed defines a class.). By definition, for r;|p,loc.yP'*'[5] G L7y(/C^,T). Now from the 
P'*'[5]’s we can use the derivative construction in [ 8 l Section 1.7] to get a Kolygavin system n'g for 
the Selmer structure P~^ in the sense of [S] Section 1.2], which satisfies the norm relation that if 
qeB{E), q\S, 

(i>^q"VqK+ = (9gK+^(mod Iq) . (3) 

The following proposition is of crucial importance. 

Proposition 2.10. The class nf is non-torsion in H^{IC,T). 

Proof. It is proved in that this class is non-trivial. See Theorem 1.5 of loc.cit and the discussion 
right after it. And then the proposition follows from Lemma [2.71 □ 

Now let P = be a height one prime of A which corresponds to a point (p G SpecA. Let O = 
be the integral closure of A/P and being its uniformizer. Let be the Galois representation 
T Ga Ofj) and Afj) being Define and as the truncation modulo 

We define some local Selmer conditions at primes dividing p. We have 

{Qp, T) ^ (Qp, T A/P) ^ (Qp, T^) 

is the natural map 

A © A ^ A/P © A/P ^ C >0 © 

since each term above is generated by two elements vi and V2 whose images generate T ©Fp) 

as Fp-vector spaces. If v-^- is a generator of H^{Qp,T) over A, we define H^{Qp,T(j,) to be the sub- 
00 module of H^{Qp,T^) generated by the image of We also make the similar definition for 
the truncated representation T^^m- 

We define P/_(/C„, A^) (L7/_(/C„, A^^m)) as the orthogonal complement of L7/_(/C„, T^p) (L7)_(/C„, Tp,^rn 
respectively) under Tate pairing. 

2.3 The Upper Bound 

The situation here can now be conveniently adapted to the framework established in | 8 ]. For the 
Galois representation T^/zu'^Tfp we take the Selmer condition P in loc.cit to be as there at primes 
outside p, and the ©-Selmer conditions defined above at p-adic places. We need to check the axioms 
(H.0)-(H.5) in jS] Section 1.3]. The only non-trivial part is in (H.4) we need to check the + Selmer 
condition at p is the orthogonal complement of itself under the local Tate pairing. In fact we have 
the following proposition is an easy consequence of El Proposition 3.14] (by taking the d there to 
be a sufficiently large number p"' so that we have inclusion of ideals of A 

(a;„(X),p™)C(P 0 ,p-).) 

Proposition 2.11. L 7 y(Qp,T 0 ,m) is the orthogonal complement of H^{Qp,T(pi.^m) under the local 
Tate pairing. 



From the proposition we see that -?/:}_(Qp, can be identified with We use 

the constructed above as the Kolyvagin system over A for {£ is a set of degree 

two primes of /C as in |8l Section 1.2]) in the sense of |8l Section 2.2] (whose specializations to 
(f)'s are Kolyvagin systems defined in Section 1.2 of loc.cit). The Kolyvagin system machinery thus 
gives the upper bound for Selmer groups in Theorem 11.11 Indeed Howard’s argument carries out 
throughout by noting that at a prime v above p, A^) is contained in the inverse image of 

® Qp/^p under 

H\}C,,A^) ^ H\}C,,A[P]) ^ H\IC,,A)[P], 

and, for every point (p ^ (p), P[^{}C^, A^) —> P[^{}Cv, A[(j)]) has kernel and cokernel of cardinality 
bounded depending only on the ring structure of A/P^. 

3 Lower Bound for Selmer Groups 

3.1 Two-Variable Main Conjecture 

We recall the two-variable main conjecture proved in m- As shown in [loc.cit., §4.6], there is 
a p-adic L-function Cf^jc ^ F^^c(Zp^[[ryc]]) such that for a Zariski dense set of arithmetic points 
4> G SpecAyC) with (poe the p-adic avatar of a Hecke character of /C^\A^ of infinite type (^, —^) 
{k > 6) and conductor (t > 0) at p, we have 

f)(^ - 1 )!(^ - 

(27ri)2''-i0^ ’ 

where g denotes the Gauss sum, xi,p ^-cid y; 2 ,p are characters such that T^{xi,piX 2 ,p) — '^f,pi and 
Ooo and is a CM period attached to JC and Hp is the corresponding p-adic period. This p-adic L- 
function can also be constructed by Hida’s Rankin-Selberg method j^. In fact Hida’s construction 
gives an element in Frac(Ayc) and the above Cf^jc is obtained by multiplying Hida’s by a Katz p-adic 
L-function G Zp'’[[F^]]. Let 



Fd,2 = ^ Y1 

Then the discussion in m Section 6.4] on Katz p-adic L-functions (see also the discussion in Section 
3.2 of loc.cit) implies that /Fd ^2 is actually an element in Zp[[ryc]]\{0}. (The square comes 

from that fact that x XX~‘^ induces square map on anticyclotomic characters). We have the 
following lemma which follows from straightforward computation. 

Lemma 3.1. 

1 ^ Y ■ ^pWT ■ 

™ aeu/p-^u ^ aeu/p-^u 

So there is an Lj G FracA^: such that 

d^'f,ic • Pd = PfP- 
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The two variable main conjecture states that: 

charA^(X/,^,^) = {C'j-K^) 

Where Xf^/c^v ■= Hy{}C,T 0 Ajc{'^]c) ^Ajc ^Sc)*- following is the part (ii) of the main theorem 
of |23]. 

Proposition 3.2. Under assumption (1) we have one containment 

charA^0Qp(Xj_/c,^) C (T^ a;) 

as fractional ideals of A/c (8>Zp Qp- 

To apply the above proposition to our situation we need the following control result of Selmer 
groups. Let be the ant icy clot omic dual u-Selmer group defined as by replacing the 

Galois representation T 0 A^; by T ( 8 ) A ( 8 )a A*. The proof is identical to |20[ Proposition 

3.1], 

Proposition 3.3. Let I he the ideal of Ajc generated by (y"*" — 1). Under assumption (1) there 
is an isomorphism {Xf^ic,v/IXf^x:,v) ®l.p Qp - GZp Qp of Zp[[T^]] Qp-modules. Under 

assumption (2) the above equality is true as A®i^ Qp-modules. 

Write for the image of under 

Zp[[r+xr-]]^Zp[[r^]],7+^i. 

Then it is an element of Zp[[r~]] (for example by looking at another construction of it using Heegner 
points M)- We have the following corollary. 

Corollary 3.4. Under assumption (1) we have one containment 

charA0ZpQp(X/^’^(^) C 

as fractional ideals of A ®Xp Qp- 


3.2 Explicit Reciprocity Law for Heegner Points 

Recall that jj — ^f,IC ' ^d' 


Proposition 3.5. We have 


(log+( 4 ))' = 


under assumption (2). This identity is true up to multiplying by a constant in Q^ under assumption 

(!)■ 


Proof. Let if be an anticyclotomic Hecke character of infinity type (1,-1) and of conductor prime- 
to-p, let -!/,(/) G Zp^[[r“]] be the p-adic L-function in |2l Def. 3.5], and set 


^pif) ■= Tw^-i(.ifp_^(/)), 
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where Tw^-i : Zp^[[r“]] Zp^[[r“]] is the Zp^-linear isomorphism given by 7 i->- 'ip~^i'y)'y for 7 £ 

r“. Thus (j){^p{f)) = xi-^plf)), where 7 := and comparing their interpolation properties 

one easily checks that 

^/,K:|z“7[r-]] = 

up to units. Following the calculations in [21 Thm. 4.8], we find at that if (j) is any primitive character 
of r“/p”^r“ with n := m — t — a even, then 

aGGal{Hpn/K) 

Combined with the definition of k,^ and formulas ( 1 ) and ( 2 ), we see that 

a£Gal{Hpn/K) 

= ±X0(P”)0(X0)"^ Y fogE«) • ^ (Log+(K]^)) 

a-eGa\{Hpn/K) 

= ± Y x{(^)dn-4> (Log+ (k+ )) 

aeGal{Hpn /K) 

= ±4>{Fd) ■ (t> (Log+(«;]^)) , 

and the result follows. □ 

3.3 Proof for Lower Bound 

Before continuing with the proof let us briefly discuss the Selmer conditions at (.\N. By our as¬ 
sumption that N is square-free, E has multiplicative reduction at 1. Then we have the following 
easy facts (which can be deduced, for example from |17[ Section 1.3]). Let v\^ be a prime in /C or 
fCm then 

P) = 0, T) = T), ^) = 0. 

Starting from now we will use for A/(a;,i((l — l),p”^) and = T C) A„^„/. We also 

define A+^ := A/(a;+((l + r)P*+“ - l),p-'). 

Proposition 3.6. ITe have Hl^p{E,T) = 0, and Xgtr is torsion. 

Proof. We have seen in the last section that iL:]_(/C,T) is free of rank one over A and then the 
argument is completely the same as |20l Lemma 3.4, Corollary 3.6]. □ 

We write rel(^> '^) fo^’ Selmer group whose local restrictions at primes not dividing p the 
same as and at p = rr is -|- at r and no restriction at v. 

Lemma 3.7. We have an isomorphism 

Hl{JC,T):^HYfJC,T). 

Proof. Same as isni Lemma 3.7]. The surjectivity follows from that the cokernel is embedded to 
T)/77:j_(/C^, T), which is torsion free. □ 
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Lemma 3.8. We have T) is 0. 

Proof. Same as |2ni Lemma 3.8]. □ 

The following proposition is the key of the whole argument. This is an analogue of m Propo¬ 
sition 3.7]. But we have to use a different argument in the ± setting. 

Definition 3.9. We define Sel^ := H^{}C,A) and write Sel^^j.^^ for the co-torsionfree part of it. 

Proposition 3.10. Consider the map 

A ® Qp/Zp)* ^ (Sel+f,,JT 

n 

which is the Pontryagin dual of the localization map. Then for any height one prime P of A as 
above, we localize the above map at P and write this Ap-module map as jp^v We also define 

U,P = expp(coker{i7|(/C,T)p ^ T)p}. 


Then: 


expp (coker = f^^p. 


We can define jp^y similarly and have expp{cokerjpi. y) = fy^p. 


Proof. For any height one prime P (p) generated by gp. As in 120] we take g^^ = QP A P™ 
for m >> 0 which generates another height one prime 3. Recall both and H]^{JCy,T) 

{p = vv) are free rank one modules over A. Let / be the image of 1 under the non-zero map A —>• A 
upon the above identification. Note that for all but finitely many m we have (j(A/(/, gfj))) < oo. Fix 
T), we choose n » 0 such that w(ji((l -|- TY^^°‘ — 1) C (/, 5x))- Take p^' > U(A/(/, gj))). Let 


All 


'■= Selitak 


■((l+T)l>‘“-l)|(p" 


Then by the divisibility of elements in Sel^^j.^^ for x G An,n’ and any h > n,fi' > n' we can find 
yn,h> € Sel+fj.gg[wji((l -F - l)][p"-'], such that 


w+((i + r)p*+“ -1) ^ 


yh^n' — 


and it is possible to make yh,n'‘’^ a compatible projective system. 


We discuss the local properties for these classes. Let Xfi^fi' = ((1 + — 1) • yn^h'- So 

Xn,n' G Sel+fj.gg[w^((l-Fr)P‘’^“ - l)][p"'']. We claim that for v\p, loCyXn^fi' € E+{'IC)n,v/p'^'E+{lCn^v)- 
This can be seen as follows. Recall we defined 


A+ =Zp[[r]]/a;+((l + r)‘+“-l) 


and proved E^{'ICm,v) — A^. Note that A+ is a free Zp-module. There are nature isomorphisms 



Tip 


[a;+((l + ry^“ 


1)] ~ A+ ® 


p-^'^p 

Tp 
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The claim follows. 


Now we claim that loc^yn^h' G Tk')- Take z € E^{lCn^v)- Then we know 

Kr((i+Tr*+“-l)y-^-,,^)=0. 

Since {yh,h',z)n = t^A:-^/ q^, log^ zexp*^ yn^n' by the description of Tate pairing in [El Page 5], we 
see that 

{yn,n',u;^{{l + Tf^’' -l)z) = 0. 

Notice that ujf{{l + T)P"-l)z = 0. Take 6 such that p'’ € (a;r((l + r)P‘’^“ - 1), a;±((l + r/+“ -1)). 
Then {p^yn,h',z) = 0. Therefore 

n' 

Then l^m _, Pn^h' £ T) since torsion free. In sum we have 

l^ni yn,n' G l^mgi(/C,Tn,n/) = F|(/C,T) ~ A. 

n,ri' n,n' 


On the other hand for any y € T) let y^^n' be its image in Tn^n')^ then ((1+T)P*^“ — 

l)yn,n' G Sel^£j,gg by |17[ Lemma 1.3.8 (i)]. To see it is in the co-torsionfree part, first of all it is clearly 

p-power divisible. For any g not a power of p, take an h such that ^ —- S (p"' , g). Suppose 


t+a 




<(( 1 + 0 ^ - 1 ) _ 


^+((i+T)p^^^ = w ■ 5 (mod p^'). Then w- ((1 + - l)yny ■wg = uj^{{l + T)p^"'^ - l)yn,n'- 

So yn,n' is (^-divisible. We sum up the above discussion into 

Kn' = ((1 + Tr‘^“ - l)lm{Hl{E,T) ^ H\E,Tny)) (4) 

Note that the kernel of ker(Lf^(/C, T) —>■ T^y)) contains, but not necessarily equals (a;n((l + 

T)P^^°' — l),p"'^) • H^{E,T). Therefore we have a surjective map 


„t + a 




(5) 




can 


We claim that ^i-^^bofree is a power of p bounded independent of m. This 

be seen as follows. By the structure theorem of A-modules the Pontryagin dual of Sel^j^.^^ can be 
embedded into A with cokernel M having finite cardinality. Then the claim follows by calculating 
Tor(M, and showing that its cardinality is bounded by the square of the cardinality of M. So 

if ordp/ = d, then ti((j%y) ~ where we use to mean they differ by a power of p bounded 
independent of m. So the kernel of (l5|) has cardinality bounded independent of m, n, n'. We have 
by dl 

#ker{yl+„,[<,S‘| ssp"" 

since the left hand side ~ ker{x/ : Aj|^^,[2!)''] [S'"]}. (Note that the Galois representation 

at A is obtained by the one for T composed with i). On the other hand if ordpi.(ker{Sel^£j,gg —>■ 
A*}*) = d', then the 

^ A-} 
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Taking m ^ oo we get d = d' and the proposition for P ^ (p). 

If P = (p) then we choose 'S = {p + T”^) and argue similarly. □ 

Now we are ready to prove the main theorem in the introduction. 

Theorem 3.11. There is a quasi-isomorphism ~ A © X^^.. Moreover 

(1) Under assumption (2) then for any height one prime P of K, 

(2) Under assumption (1) the above is true for all height one primes P ^ (p) 

Proof. We only need to prove “>”. The proof is the same as the proof of EQl Theorem 3.14] using 
two Poitou-Tate long exact sequences: one taking Q* = and P* to be our P~^, the other one 
taking P* to be v and Q* = P^ . Applying the results we proved before (Propositions 13.5113.2113.31 
13.101 in particular we use Proposition 13. 1 Ol in place of |201 Proposition 3.9]) we get the theorem. □ 

Finally we give the proof of Corollary 11.21 in the introduction. 

Proof. A large part of the argument is the same as the proof of EQl Theorem 1.7] using P'*' in the 
place of P in loc. cit, except that in the control theorem for the P~^ Selmer group under specialization 
from to K, we have to replace the local argument at primes above p. However this is the same 
as |121 Proposition 9.2, Theorem 9.3], replacing the cyclotomic Zp-extension by anticyclotomic Zp- 
extension. The proof is identical to the argument in |12) . □ 
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